Résumé. 2014 Nous calculons la contribution électrostatique à l'énergie de Abstract. 2014 We calculate the electrostatic contribution to the bending energy of charged surfactant membranes in lamellar phases when the electrostatic interactions are not screened by added salt. In the limit of high charge densities (when the Gouy-Chapman length 03BB is smaller than the membrane separation d) we find that the bending constant is proportional to the intermembrane spacing : kc ~ d/l kB T, where l is the Bjerrum length. This is calculated both from the electrostatic free energy of two membranes undulating symmetrically and from the free energy of two concentric cylindrical membranes. The value of the bending energy is potentially very large compared to kB T, hence the membranes are extremely flat and rigid. We also consider the case of small charge densities (03BB &#x3E; d), and the case of screened interactions with the Debye length 03BA-1 &#x3E; d, and show that the bending energy does not scale in the same way for the undulating surface and the cylindrical geometry. We give the scaling behavior of kc in all these limits.
Abstract. 2014 We calculate the electrostatic contribution to the bending energy of charged surfactant membranes in lamellar phases when the electrostatic interactions are not screened by added salt. In the limit of high charge densities (when the Gouy-Chapman length 03BB is smaller than the membrane separation d) we find that the bending constant is proportional to the intermembrane spacing : kc ~ d/l kB T, where l is the Bjerrum length. This is calculated both from the electrostatic free energy of two membranes undulating symmetrically and from the free energy of two concentric cylindrical membranes. The value of the bending energy is potentially very large compared to kB T, hence the membranes are extremely flat and rigid. We [4, 5] and Bensimon et al. [6] have shown that the same result applies if the potential is calculated about an undulating surface. Pincus et al. [2] [7] and Lekkerkerker [8] , and gives For the two other regions discussed by Pincus et al. [2] no exact solution for the bending constant has been found, but the scaling behaviour with the different lengths has been obtained, both by arguments of continuity with the regions of known solution, and by considering the cylindrical geometry described below. In this article we consider the GouyChapman region in the limit of high surface charge and zero salt concentration :
We show explicitly that the result conjectured in [2] is correct for both the undulating surface geometry and the cylindrical geometry. For the ideal gas region which has negligible salt concentration and low surface charge ( d A K -1 ) we present further arguments in support of the conjectures of [2] . We find, however, that for the ideal gas region and for the Debye-Hückel region with K d 1, in both of which cases d is the smallest length in the problem, the cylindrical and undulating surface geometries do not give the same result. This is discussed further in section 3. A summary of the different regions and the predicted scaling of the bending constant is presented in table 1.
2. The Gouy-Chapman region.
We consider limit of high surface charge where the Gouy-Chapman length A is smaller than the spacing d and the added salt concentration is negligible. We note that d is still important in this case since it is the finite value of d which imposes the finite concentration of counterions. The corresponding Debye-Hückel case with K -1 d becomes a one-membrane problem since there is a finite salt concentration independent of d. We assume that there is a fixed (negative) surface charge -a on each side of the membranes so that at the surface the normal component of the field is + u /6. Due to symmetry the z component of the field is zero at z = d. These boundary conditions assume the complete independence of the two sides of the membrane, and lead to a potential difference across it when it is curved. For this to be valid the energy stored in the field within the membranes must be much smaller than the curvature energy calculated from the field between the membranes. The condition for the validity of these boundary conditions (to be demonstrated in Appendix B) is where t is the membrane thickness, EL is the permittivity of the lipid within the membranes, and e is that of water (typically 40 times larger). We are not interested in corrections due to the membrane thickness, but we do not take the strict limit t = 0. This would correspond to a single layer of charge density 2 o-and has a slightly different behavior. The same point arises in the Debye-Hückel case, and is discussed by Kiometzis and Kleinert [9] . These authors obtain a general result for kc as a function of EL and t from which both of the limits discussed above may be obtained. The equivalent condition to (5) Thus kc does not depend on the charge density in the limit of high charge density. The numerical constant for the cylindrical geometry gives an idea of the constant for the undulating surface geometry, although it is not bound to be the same. It has already been shown that the same constant is found in the two geometries for the Debye-Hückel region with Kd &#x3E; 1 [2] , and for the Intermediate region (Fogden et al. [11] ), but in both cases the problem is independent of d, and interactions between neighbouring membranes are unimportant. For the « small d » cases interactions between membranes become important and the bending energy may become dependent on the precise way in which the membrane is curved as discussed below. Lamellar phases have been studied experimentally by dynamic light scattering (Nallet et al. [12, 13] ) and by synchrotron X ray scattering (Safinya [14] , Roux and Safinya [15] ). Dilute lamellar phases exist with a repeat distance of several hundred Ângstroms. If such systems are highly charged in the absence of added salt the result (9) implies a k &#x3E; T, and hence extremely flat, rigid membranes. The bending constant has now been calculated in all the regions of the diagram of figure 1 except in the ideal gas region where the distance between membranes is small (d « À ) and the electrostatic interactions are not screened. The bending constant is however known in both regions which border the ideal gas region. The only scaling of the lengths which has a smooth crossover to the known results at the boundaries .A ~ d and K 2 A d = 1 is that proposed in [ 
which is weaker by a factor of R K (À ( K d) ( K d )2 than the result calculated in the undulating surface geometry (Eq. (2)). In the same region Goldstein et al. [5] calculate the potential between two undulating surfaces at fixed potential rather than at fixed charge density. Expanding their result gives yet a third scaling form for the bending energy. This should be compared to the K d :&#x3E; 1 case (isolated membranes) where changing the boundary conditions only changes the numerical constant (Kiometzis and Kleinert [9] , Bensimon et al. [6] ).
Thus for small K d the result depends on the way the membrane is curved and not just the radii of curvature. In this case we consider that the result calculated from the undulating surface geometry is the important one, since it is this which govems the fluctuations in lamellar phases. The cylindrical geometry does not correspond to an experimental situation.
The difference between the two geometries may be interpreted in the following way. When K d 1 interactions between the surfaces are screened and negligible, but for K d « 1 they are important. Curving the surfaces into concentric cylinders does not change the separation of the membranes, whereas for the undulating surfaces there are points closer and further apart than the mean separation. Inter-membrane effects are thus treated in a different fashion in the two geometries, which is very important at small d. ( We note again that if fluctuations in the charge density are possible, these will be coupled to the curvature of the membrane and will probably affect the bending energy significantly in the small K d case. This point will be addressed in a subsequent paper.) In the ideal gas region there is again a difference between the geometries for the same reason. We expect that equation (10) satisfy V2l/J = -ne / e, and n * is an arbitrary constant. The distribution of counterions which minimizes F must satisfy 5F = 0 for any arbitrary change d n about the equilibrium solution.
The counterion concentration follows thus a Boltzmann distribution which leads to the Poisson-Boltzmann equation (4) [9] give the solution where J3 and A are arbitrary constants to be determined. The choice of n 1 is also arbitrary and corresponds to a choice of the zero of the potential. Fuoss' et al. choose n 1 to be the concentration if the counterions were distributed uniformly between the two cylinders, which in region 1 of figure 3 
